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Using molecular dynamics simulations, we show that an asymmetrically shaped nanoparticle 
in dilute solution possesses a spontaneously curved trajectory within finite time interval, 
instead of the generally expected random walk. This unexpected dynamic behavior has a 
similarity to that of active matters, such as swimming bacteria, cells or even fishes, but is of a 
different physical origin. The key to the curved trajectory lies in the non-zero resultant force 
originated from the imbalance of the collision forces acted by surrounding solvent molecules on 
the shaped nanoparticle during its orientation regulation. Theoretical formulae based on the 
microscopic observation have been derived to describe this non-zero force and the resulted 
motion of the nanoparticle.   
PACS number: 66.10.cg, 83.10.Rs, 87.90.+y 
 
The motion of molecules caused by thermal fluctuations plays an essential role in determining the 
probability for them to meet targets upon functioning [1–4], as found in many physical 
processes [3,5], chemical reactions [6,7] and biological functioning [2,3]. In conventional theories, 
the molecules/particles have been treated as perfect spheres with their trajectories described as 
random walks, following the original work of Einstein [8–11]. However, it has been realized by 
Einstein himself that this picture will break down if we can inspect the motion of the particles at much 
smaller time and length scales [9]. Significant progresses have been made on investigating the 
motion of particles at micrometers and timescales from microseconds to seconds, showing 
unconventional behaviors within relatively short time interval [12–18]. Han et al.  experimentally 
observed a crossover from short-time anisotropic to long-time isotropic diffusion behavior of 
ellipsoidal particles along different axial directions [12]. Huang et al. experimentally measured the 
mean-square displacement of a 1-µm-diameter silica sphere in water using optical trapping technique 
and found that the particle motion cannot be described by conventional theory until sufficiently long 
time [14]. We note that, a majority of kinetic and dynamic processes related to molecules take place in 
nanoscale space [1–3,19–22] and accomplish in just several picoseconds [23,24], such as 
self-assembling [25–29], triggering chemical reaction [7,30], intercellular signal transduction [31], 
and neurotransmission [32]. Unfortunately, there is rare report on the unconventional behavior in the 
free motion of the molecules/nanoparticles solely under thermal fluctuations within short time at the 
nanoscale. 
 
On the other hand, molecular dynamics (MD) simulation has been widely accepted as a powerful tool 
for studying the dynamics of molecules at nanoscales [33–42]. Our recent atomistic MD simulations 
showed interesting anisotropic motion of small asymmetric solute molecules, such as methanol and 
glycine, in water solely due to thermal fluctuations, which indicates the existence of rich dynamic 
behavior of asymmetric molecules in nano-space at finite timescales [43,44].  
 In this work, we report the emergence of an unexpected spontaneous curvature in the trajectory of an 
asymmetrically shaped nanoparticle in dilute solution, rather than random walk. This curvature 
results from a non-zero resultant force, which originates from the imbalance of the collision forces 
acted by surrounding solvent molecules on the shaped nanoparticle. The spontaneously curved 
trajectory of the shaped particle, together with the non-zero orientation-dependent force from 
surrounding solvent, is similar to the behavior of active matters, like swimming bacteria, cells or even 
fishes. However, different from the self-propelled active matter that consumes energy for generating 
driving force, the non-zero resultant force experienced by the shaped particle solely results from the 
collisions with the surrounding solvent during its orientation regulation under thermal fluctuations. 
Further, we derive theoretical formulae based on the observed microscopic picture that can well 
describe the non-zero force and the resulted motion of the nanoparticle.  
 
 
Figure 1 (a) Typical trajectories of a pyramid-shaped nanoparticle with height of 0.37 nm and a 
spherical nanoparticle with diameter of 0.21 nm over 1 ns. (b) 3D Cartesian coordinate frames 
defined for the pyramid-shaped nanoparticle where the z-axis is along its initial orientation (from the 
center of the bottom face to the top atom) and the origin at its center of mass and for the spherical 
nanoparticle where the z-axis is along the initial vector pointing from its CoM to one atom on the 
surface. The left and right image on each row show the side and bottom views of each nanoparticle, 
respectively. Both frames are defined at initial time and fixed thereafter for data analysis. (c) 
Ensemble-averaged trajectories (solid curves) of the pyramid-shaped nanoparticle in the x-z plane for 
different directions of the initial velocity as displayed in different colors. The dashed circles and lines 
are included for guiding the eyes. (d) Sampled 50ps trajectories of the nanoparticle starting from 
different initial orientations (z-axes). (e) Ensemble-averaged trajectories and (f) mean velocities of 
the two nanoparticles in the cases where their initial velocities are in direction along x-axis that is 
perpendicular to the initial orientations (z-axis), together with the simulation results of the 
self-propelled spherical nanoparticle as an active nanoparticle for comparison. The open circles in (d) 
mark the points where the mean CoM positions of the nanoparticles cease to move after about 10 ps.  
 
Results from MD simulations 
The simulation system consists of a single model nanoparticle shaped as triangular pyramid 
immersed in a solvent of small Lennard-Jones particles with periodic boundary conditions applied in 
all three directions, as described in the Simulation Method section in SM [45]. Each MD simulation 
was first run for 20 ns to equilibrate the system and then another 200 ns for data analysis. From five 
independent simulation runs, we collect abundant samples of the nanoparticle trajectories with the 
same time interval of 50 ps. As sketched in Fig 1(b,d), a three-dimensional (3D) Cartesian coordinate 
frame is defined for every sampled trajectory of the particle with the z-axis along its initial orientation 
(from the center of the bottom face to the top atom) and the origin at its center of mass (CoM). For 
comparison, we have also simulated another system where the shaped nanoparticle is replaced by a 
spherical nanoparticle with the same mass, atoms and volume whose orientation is defined by the 
vector pointing from its CoM to an atom on the surface. 
 
Fig. 1(a) shows the typical trajectories of the pyramid-shaped and spherical nanoparticles over 1 ns, 
which demonstrate the homologous random feature of particle movement under thermal fluctuations. 
It is clear that the ensemble-averaged trajectory better reflects the intrinsic feature of the motion from 
noise. As shown in Fig. 1(e), just as one would generally expect without taking into account the 
shapes of molecules/particles, the averaged trajectory of the spherical nanoparticle follows a straight 
line along the direction of its initial velocity owing to the inertia. As the inertia decays owing to the 
collisions with the surrounding solvent, the averaged trajectory finally ends at a point. We note that 
the end point of the trajectory does not mean a motionless nanoparticle, but corresponds to an almost 
zero ensemble-averaged velocity owing to the isotropic probability of the motion. The 
pyramid-shaped nanoparticle shows a similar inertial motion at the initial stage. But surprisingly, as 
time increases, its ensemble-averaged trajectory spontaneously curves toward the direction of its 
original orientation (positive z-direction), although the initial velocity was in a perpendicular 
direction (positive x-direction). It is also interesting to note that in contrast to the monotonic decrease 
of the mean velocity, <vx(t)>, of the shaped nanoparticle along its initial velocity direction 
(x-direction), its mean velocity along the z-direction, <vz(t)>, rises up from zero to a peak value at t = 
1.08 ps and then gradually declines to zero thereafter [Fig. 1(f)]. Accordingly, the mean CoM position 
of this nanoparticle drifts away from the origin and finally settles at a point with coordinates x = 0.10 
nm and z = 0.04 nm after about 10 ps. Thus, the motion of the shaped nanoparticle comprises of two 
parts, i.e. the expected inertial motion along the initial velocity direction (here x-direction) and the 
unexpected directional motion towards the initial orientation direction (here z-direction). To provide a 
complete picture, Fig. 1(c) shows the ensemble-averaged trajectories of the shaped nanoparticle 
starting with initial velocities in all different directions (not only the x-direction as discussed above) 
with respect to the initial orientation (positive z-direction). Clearly, all of them display the bending 
curvature towards the z-direction.  
 Now we focus on understanding the physical origin of this spontaneously curved trajectory of the 
shaped nanoparticle by analyzing the ensemble-averaged force <Fzi(t)> acting on every individual 
constituent atom, where i is the serial number of the atom under investigation. Apparently, <Fzi(t)> 
only results from the fluctuating forces owing to the collision with surrounding solvent molecules. 
We separate the contributions of these forces to <Fzi(t)> into two parts. The first part is independent 
of the velocities of the nanoparticle and its constituent atoms, which is equivalent to the effect of 
liquid pressure felt by a stationary object. As expected the ensemble average of such effects 
summing over all of the atoms is zero at the CoM of the particle, and therefore makes no 
contribution to the motion of the CoM. The other part is velocity-dependent and can be described in 
the form of the frictional force <fzi(t)> given by the solvent against the motion of the atom. 
Following the Stoke’s law, this force is considered to be linearly proportional to the mean velocity 
of the atom <vzi(t)>, 
 〈𝑓𝑧
𝑖(𝑡)〉 = −𝜆𝑖〈𝑣𝑧
𝑖(𝑡)〉, (1) 
where λi is the frictional coefficient of atom i. We note that the value of λi varies for atoms located at 
different sites of the particle structure, depending on how they are in contact with the solvent. In 
practice, the frictional coefficient of each atom can be estimated from the linear relation between 
the measured mean frictional force <fzi(t)> and mean velocity <vzi(t)> (details shown in Sec. 1 of 
SM [45]).  
 
The mean velocity of the ith atom along the z-direction, <vzi(t)>, can be written as 
 〈𝑣𝑧
𝑖(𝑡)〉 = 〈𝑣𝑧(𝑡)〉 − 𝑟𝑜
𝑖(𝑡)𝑄(𝑡) with 𝑄(𝑡) = −
𝑑
𝑑𝑡
𝐶𝜑(𝑡), (2) 
because the motion of each constituent atom could be separated into the CoM motion of the 
nanoparticle, denoted by <vz(t)> in Eq. (2), plus the rotation around the CoM denoted by the second 
term on the right-hand side (rhs) of Eq. (2). roi is the projection of the atom position vector ri, 
pointing from the particle CoM to the ith atom, on the particle orientation axis (unit vector denoted 
by i), i. e., roi = rii, and can be obtained directly from the construction of the nanoparticle structure. 
The differential Q(t) of the particle orientation auto-correlation function, Cφ(t) = <i(0)i(t)> = 
<cos[φ(t)]> characterizes the particle rotational relaxation, where φ(t) is the particle orientation angle 
with respect to its original orientation. Suppose that the shaped-particle rotates around the CoM with 
an angular velocity ω. As sketched in Fig. 2(a) for two typical constituent atoms, the velocity of atom 
i has a rotation-related component of the form ω×ri. When moving with this velocity, the atom 
experiences an effective frictional force due to the collision with surrounding molecules, -λi(ω×ri). 
Fig. 2(a) demonstrates that these effective forces differ for atoms located at different sites, which 
results in a non-zero net force at the CoM of the nanoparticle and consequently affects its movement. 
After taking ensemble average, the mean projection of the velocity of atom i on the initial orientation 
i(0) is <[ω(t)×ri(t)]i(0)> = -<[i(0)×ri(t)]ω(t)> = -roi<[i(0)×i(t)]ω(t)> = -roiQ(t) and the mean 
effective frictional force is λiroiQ(t). We substitute Eq. (2) into Eq. (1) and sum up all the effective 
frictional forces acting on the constituent atoms of the shaped nanoparticle to get 
 〈𝐹𝑧(𝑡)〉 = ∑ 〈𝑓𝑧
𝑖(𝑡)〉𝑁𝑖=1 = −𝑚𝐶1〈𝑣𝑧(𝑡)〉 + 𝑚𝐶2𝑄(𝑡) (3) 
with 
 𝐶1 =
∑ 𝜆𝑖𝑁𝑖=1
𝑚
, 𝐶2 =
∑ 𝜆𝑖𝑟𝑜
𝑖𝑁
𝑖=1
𝑚
. (4) 
where m is the total mass of the nanoparticle. The first term on the rhs of Eq. (3) always resists the 
translational motion of the particle. It is the second term that could potentially provide an effective 
force generating the mean displacement of the particle CoM along the z-direction. We can calculate 
C1 and C2 directly based on Eq. (4) and obtain the values of C1 = 2.79 ps-1 and C2 = 0.11 nm ps-1 
[detailed calculation shown in Sec. 1 of SM [45]). Then solving the Newton’s second law which is a 
differential equation of velocity, we can obtain the mean velocity <vz(t)>, 
〈𝑣𝑧(𝑡)〉 = 𝐶2𝑅(𝑡) with 𝑅(𝑡) = 𝑒
−𝐶1𝑡 ∫ 𝑄(𝜉)𝑒𝐶1𝜉𝑑𝜉
𝑡
0
. (5) 
We have also computed the auto-correlation function Cφ(t) of the nanoparticle orientation from the 
MD trajectories. In classical rotational Brownian motion, Cφ(t) is predicted to decay exponentially 
with time [11]. However, our simulation data in Fig. 2(b) show that in the very first picosecond where 
the inertial effect dominates, Cφ(t) does not follow the exponential form. A standard bi-exponential 
function of the form 
𝐶𝜑(𝑡) =
𝜏1
𝜏1−𝜏2
𝑒−𝑡 𝜏1⁄ −
𝜏2
𝜏1−𝜏2
𝑒−𝑡 𝜏2⁄ , (6) 
with the characteristic times 1 = 1.82 ps and 2 = 0.25 ps is found to describe the data very well.  
 
 
Figure 2 (a) Sketch of the rotation-related velocities of one top and one bottom atoms of the 
pyramid-shaped nanoparticle and the effective frictional forces acting on them by surrounding 
solvent molecules. The contributions of these forces on determining the translational motion of the 
particle via its center of mass are shown in the lower part of the plot. (b) Autocorrelation function of 
the particle orientation Cφ(t) (black circles), its rate of variation Q(t) (blue circles) and the mean force 
experienced by the CoM of the nanoparticle along the z-axis (black squares). The inset is an enlarged 
image of Cφ(t) in the very first half picosecond. The red curves are theoretical predictions of Eq. (6), 
its derivative and Eq. (7), respectively. 
 
The mean force acting on the CoM of the nanoparticle is thus obtained by substituting Eqs. (5,6) 
into Eq. (3) 
 〈𝐹𝑧(𝑡)〉 = 𝑚𝐶2[𝑄(𝑡) − 𝐶1𝑅(𝑡)], (7) 
which provides good description of the simulation results as shown in Fig. 2(b). It is clear that <Fz(t)> 
does have a positive value towards the initial orientation i(0) of the particle at early time. More 
specifically this force first increases from zero, reaches its maximal value at about 0.2 ps and then 
decreases. It becomes negative at 1 ps, reaches the minimal value at about 2 ps and then gradually 
approaches zero. Eq. (7) further clarifies that the mean force on the nanoparticle can be nonzero only 
when C2 ≠ 0 and [Q(t) – C1R(t)] ≠ 0. The contribution of the asymmetric architecture of the 
nanoparticle is carried by C2, since it possesses the position vector of every atom. The terms in the 
square bracket are all rotational motion related. It indicates that the key reason for the non-zero net 
force <Fz(t)> lies in the imbalance of the effective frictional forces or hydrodynamic resistances (C2 ≠ 
0) acting on the constituent atoms during the particle orientation regulation. This can only happen for 
particles with asymmetric structures. If the geometric shape of the particle is symmetric, the effective 
frictional forces acting on all atoms are well balanced (C2 = 0) and no directional motion can be 
observed, see examples given in SM (Sec. 2) [45]. On the other hand, the rotational motion of the 
nanoparticle also plays an important role. If we fix the orientation of the particle [Cφ(t) = 1], Q(t) and 
R(t) in Eq. (7) both equal to zero. Then even for an asymmetrically shaped nanoparticle with C2 ≠ 0 
the mean force is zero. Therefore, the key of nonzero mean force is asymmetry, while the rotation is 
also required. 
 
Based on the theoretical analyses above, we impose an additional force of Fadd (t) = 340[i(t)×L(t)] pN 
on the center of mass of a spherical nanoparticle, where i(t) is the unit vector pointing from the 
particle CoM to a certain atom on the surface and L(t) is the angular momentum of the rotation. This 
self-propelled active nanoparticle is found to possess a very similar curved mean trajectory to that of 
the pyramid-shaped nanoparticle. As shown in Fig.1(e), it also bends towards the direction of its 
original orientation i (positive z-direction), although the initial velocity was in a perpendicular 
direction (positive x-direction). It settles at a final position with coordinates x = 0.10 nm and z = 0.05 
nm. The average velocity of the self-propelled particle along the z-direction rises from zero to the 
peak at t = 0.71 ps and then declines to zero thereafter. There is a small bulge in the velocity at t = 2.33 
ps causing a small wave near the tail of the trajectory, which might be due to some hidden influence of 
the additional force during the rotational relaxation. The similarity in the curved trajectories of the 
self-propelled spherical nanoparticle and the freely moving pyramid-shaped nanoparticle suggests 
that the shaped nanoparticle bears certain extent of activity analogous to self-propelled active matter. 
 
To summarize, we have shown by molecular dynamics simulations that the motion of a shaped 
nanoparticle with broken central symmetry in dilute solution possesses spontaneously curved 
trajectory within a finite time interval, instead of the generally expected random walk. This 
unexpected dynamic behavior has a similarity to that of active matters [49–52]. However, different 
from the self-propelled active matter which consumes energy to provide driving force [52–55], here 
the non-zero resultant force solely results from the thermal fluctuations. We have also derived 
theoretical formulae that can well describe the physical origin of this non-zero resultant force.  
 
A further remark we would like to make is that the observed curvature in the trajectory will not lead 
to a perpetual mobile that violates the second law of thermodynamics. As shown above, the 
trajectory spontaneously bends towards the direction along the initial orientation of the shaped 
particle. In equilibrium systems with sufficiently long time or sufficiently large number of particles 
for averaging, the orientations of the nanoparticles have equal probability in all directions. After 
averaging over all possible initial orientations of the particles, the mean displacement is zero and so 
there is no directional flow in the system, which is consistent with the statistical mechanic principles. 
In the SM (Sec. 5) [45], we have demonstrated that one cannot extract mechanical energy from a 
thermal bath by restraining the orientations of the particles. However, for the case that we only focus 
on the motion of a single molecule within a finite time, we will see the directional curved trajectory 
and the spontaneous active motion. 
 
Considering that a majority of physical, chemical and biological processes happen within nano-space 
and within finite timescales and most of the involved molecules possess asymmetric structures, we 
expect that the directional curved trajectory may have significant influence on various processes such 
as nucleation of clusters, self-assembling, triggering chemical reaction, intercellular signal 
transduction, neurotransmission. For example, the intracellular signaling is usually carried out by 
small signal molecules with distance of several nanometers to their receptors and the time is very 
finite [31,56]. However, how to evaluate the role of the directional curved trajectory in the dynamics 
of these processes still remain to be an open and challenging research subject. 
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